A single mode electromagnetic resonator coupled to a two-level hybrid-quantum-dot(hQD) is studied theoretically as a laser(maser), when the hQD is driven out of equilibrium with external applied d.c. bias voltage. Using the formalism of the non-equilibrium Green's functions for the hQD and the semi-classical laser equations, we determine the relevant physical quantities of the system. We find that due to the resonant Andreev reflections and the formation of the Floquet-Andreev sideresonances in the sub-gap region, at appropriate gate voltages and above a certain threshold bias voltage and damping factor of the resonator, the two-level QD has non-zero gain spectrum and lasing can happen in the system in the frequency range of superconducting gap. Furthermore, our results show that depending on the damping factor of the resonator and above a specific threshold bias voltages, the lasing can be either due to single electron transitions or cascaded electron transitions between the Andreev resonances and Floquet-Andreev side-resonances. 
. (Color online) A single mode electromagnetic resonator with frequency ω0, and damping factor γ, dipole coupled with coupling constant λ, to a hQD consisting of a two-level QD connected to a metallic and a superconducting electrodes.
I. INTRODUCTION
Recent developments in the nanotechnologies have made it feasible to fabricate QDs coupled to a microwave resonator on a chip [1] [2] [3] [4] [5] . Among many theoretical and experimental aspects of the interaction of electromagnetic waves of resonator with QD which have been studied, the possibility of creating lasing in an electromagnetic resonator using QDs has attracted considerable interest.
Different proposals for achieving lasing in electromagnetic resonators coupled to QDs have been considered. Jin et. al 6 , liu et. al 7 and Karlewski et.al 8 have shown that in a double-QD connected to metallic leads at finite bias, population inversion can be created by electron tunneling. In Ref. 9 , Marthaler and his coworkers have shown that lasing without inversion can be achieved by coupling the system to a dissipative environment which enhances the photon emission. Lasing without inversion by coherently driving the system, has recently being considered in Ref. 10 for a three-level V-type QD connected to external leads at finite bias. Also, lasing was reported in Ref. 11 by coupling the electrons of QD to external periodic driving field. The periodic external field generates Floquet ladder which consist of a series of doublet side-band of dressed-states. The inversion-less gain spectrum in such a system is due to the unequalness of relative populations of doublet dressed-states. Bruhat et.al 12 have also reported optical gain at finite bias in a single-level hybrid-QD [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] which consists of a QD coupled to a normal metal and a superconducting electrode. They showed that if the coupling of the QD to the superconducting electrode is weak enough to suppress the Andreev reflections and widening the width of the density of states at the two edges of the superconducting gap, optical gain can be achieved.
In this work, we consider a single mode electromagnetic resonator coupled to a two-level hQD where the coupling between the superconducting electrode and the QD is not weak. The new features arising in this hybrid system, due to interplay of the fundamental electronic interactions and the proximity effects, are the formation of resonant Andreev reflections and their Flouquet side-resonances and the possibility of sub-gap transport. We show that at appropriate gate voltages and the damping factor of the resonator and above a threshold bias voltage, the Andreev resonances and their Floquet side-resonances in the sub-gap have unequal populations and lasing can be achieved in the frequency range of superconducting gap.
Using the formalism of non-equilibrium Green's functions at zero temperature, we, at first, determine numerically the linear gain spectrum of the two-level hQD as a function of frequency and gate voltage for a fixed bias voltage. Then, by solving numerically the semi-classical laser equations self-consistently, we determine the lasing regimes, the time-averaged and time-dependent currents through hQD and the photon populations in the resonator in terms of d.c applied bias and gate voltages for two different configurations of the energy levels of the QD and damping factors of the resonator. This paper is organized as follows. In Sec.II, we introduce our model Hamiltonian and derive the related nonequilibrium Green's functions for a two-level hQD coupled to a single mode electromagnetic resonator. In Sec.III, we give the necessary relevant formulas for various physical quantities such as average photon number, electron occupations, current through hQD and etc. . Finally, we present our numerical results and conclusions in Sec.IV. Figure 1 shows a schematic view of our model. We consider a two-level quantum dot dipole coupled to the electric field of a single mode electromagnetic resonator. The two levels of the QD, which we assume to have different parities, are coupled to two electrodes, a superconducting and a normal metal. Therefore, the total Hamiltonian of our model, H M , is described by the sum of the following terms:
II. THE MODEL
where, H QD is the Hamiltonian of isolated two-level QD, H leads is the sum of Hamiltonians of normal and superconducting leads, H T is the tunnelings Hamiltonian of the QD with the electrodes, H ph is the Hamiltonian of single mode electromagnetic resonator and H int is the interaction Hamiltonian of the electric field of resonator with the electric dipole moment of the QD. In Eqs.
(
are, respectively, the fermionic creation(annihilation) operators with spin σ of QD, normal metal lead and superconducting lead, ε d,n , n = 1, 2,ε k and ε k are the orbital energies, v g =ṽ g + (µ N + µ S )/2,ṽ g is the external gate voltage applied to the QD, µ N and µ S are the chemical potentials of normal and superconducting leads, ∆ is the superconducting order parameter and t N and t S are the hybridization constants between the QD and the normal and superconducting leads. In Eqs. (4) and (5), a † (a) is the photon creation(annihilation) operator, ω 0 is the frequency of the resonator and λ is the electric dipole coupling strength of QD and the photon of the resonator.
We determine the possibility of lasing in the resonator of our model, using the semi-classical laser equations 26 . The Heisenberg equation of motion in the mean-field approximation for the mean value of the annihilation operator of the photon is
where all the operators are in the Heisenberg representation. The semi-classical laser equations can be deduced from the above equation by adding a phenomenological damping term, −i γ a H (t) , to mimic the resonator's losses and separating the fast and slow parts of the averaged quantities, using the slowly varying amplitude and phase approximation 26 , where the mean values are represented in the following forms
and
In the above equations, e −iωt is the fast oscillating part, Aω(t)e −iφ(t) and Pω(t)e −iφ(t) are the slowly varying parts. Substituting expressions (7) and (8) int Eq. (6) and separating its real and imaginary parts, we obtain
The above equations are the semi-classical laser equations. Their stationary solutions, i.e d dt Aω(t) and d dt φ(t) equal to zero, which must be obtained self consistently with Pω, gives the laser threshold, the field intensity or the average photon population and the frequency pulling of the resonator 26 . To determine the steady-state solutions of Eqs. (9) and (10), we compute the Pω and the other relevant physical quantities of hQD by employing the non-equilibrium Green's functions method. The usage of the non-equilibrium Green's functions method allows us to take into account the effect of the electrodes on the QD to infinite order of tunneling processes between the QD and the electrodes. This offers an advantage over the conventional quantum master equation method 27, 28 , in which the coupling of the electrodes with the QD is treated to the first order processes (weak coupling) or at most the next-to-the-leading order tunneling processes. Furthermore, we use the exact form of the interaction Hamiltonian of the electric field of the resonator with the electric-dipole moment of the QD, which is more accurate and convenient for numerical calculations than the usual dipole Hamiltonian in the rotating wave approximation.
Within the mean-field approximation for the electric field in the resonator, the interaction part of Hamiltonian reduces toH
We study the case that the superconducting lead is grounded and an static external bias voltage of V b is applied to the normal lead. Furthermore, we work in units where = e = c = 1. It is evident that the explicit time dependence of the total Hamiltonian is only throughH int (t) which has a harmonic time dependence with period 2π ω . So, it is convenient to use Floquet representation
for calculating different Green's functions and self-energies of the system. Using Nambu representation,
where δ mn is the Kronecker delta, ω m = ω + mω, η is an infinitesimal positive constant and
In the sequel the quantities in the brackets represent 4 × 4 matrices in the Nambu space. Furthermore, the effect of two electrodes on QD is expressed by the self-energies of leads, Σ 
where a = −iΓ S β (ω) and b = iΓ S β (ω) ∆ ω . The parameter β (ω) which is related to the normalized BCS density of states is given by β (ω) = |ω| √ 
to obtain the interacting retarded Green's function, G 
Next, we need to calculate the lesser Green's function
. We use Keldysh relation for lesser Green's function which in the Floquet basis is
Here, G 
with f (ω) = θ (−ω) and f ± (ω) = θ (V b ∓ ω), which are the Fermi-Dirac distribution functions for the superconducting and normal metal leads at zero temperature.
III. PHYSICAL QUANTITIES
We now, present the various relevant physical quantities related to our model system using different Green's functions. The first quantities of interest are the average polarization
which is related to the lesser Green's function and the linear optical susceptibility
where ... o indicates expectation-value with respect to the non-interacting ground-state of the hQD. Using the definition of the lesser Green's function, we get
or
where the subscripts outside brackets represent different matrix elements in the Nambu space which must be summed up. Setting the constant phase, φ, to zero and using Eq. (8), we obtain for the steady-state amplitude of the polarization and the linear optical susceptibility 
where
Furthermore, the time-averaged expectation-value of the electron and hole occupations of each orbital could be calculated using
where ... t means time-averaged expectation value, m = 1, 2 and m = 3, 4 designate, respectively, the electron and hole states of the first and second levels of QD and the factor two is due to the electron's spin. Moreover, the time-averaged total density of states(DOS) of the QD could be obtained from retarded Green's function as
where T r [...] represents trace with respect to the Nambu indeices. Finally, for calculating the time-dependent and time-averaged electric current through the QD in terms of the Green's functions and the self-energies in Floquet representations, we use the following expressions 13, 32 ;
IV. RESULTS AND CONCLUSIONS
In the preceding sections, the necessary formulas for determining the lasing conditions for the hQD-resonator system were presented. We now investigate the prospect of lasing in such a system. We start by calculating, at first, the linear gain spectra, g(ω) = −4πωIm [χ r e (ω)], of the QD which can be obtained from the imaginary part of the linear optical susceptibility, given by Eq. (25) . We consider the following two different energy configurations for the two levels of QD; ε d,1 = −ε d,2 = −0.3∆ and ε d,1 = −ε d,2 = −0.6∆. The results as functions of ω/∆ and v g for µ S equal to zero, µ N = V b = 2∆, Γ S = 0.1∆ and Γ N = 0.01∆, are depicted in Figs.2 (a) and (b) . Although one might expect to see non-zero gain only at frequencies equal to the energy difference of the two levels of the QD but, as we see in Fig.2 , this does not happen in our model system. Instead, we see different regions for non-zero gain which are dependent on the parameters of the QD. The origin of these gain regions is due to the fact that it is, essentially, the electron transitions between different resonant Andreev reflections in the sub-gap regions which are responsible for the non-zero gain in the system. In Figs.2 (a) and (b) , in the first case, the maximum gain occurs at frequency ω = 0.38∆ and gate voltage v g = −0.06∆ and in the second case, the maximum gain is at ω = 0.87∆ and v g = −0.05∆.
In order to clarify the above discussion about the origin of the non-zero gain in the system, we present in Figs.3  (a) and (b) , the density of states of QD and their relative populations for the two aforementioned cases and compare We next consider the possibility of lasing in a system of a single mode electromagnetic resonator coupled to a hQD. We choose the aforementioned configurations for hQD and two different damping factors; γ = 10 −3 ∆ and γ = 10 −4 ∆ for the resonator. We solve the semi-classical laser Eqs. (9) and (10) with Eq. (24) for the polarization of hQD numerically and self-consistently.
In Fig.4 , we have depicted the time-averaged current through the QD, the average population differences of the two levels of QD, and the average photon populations in the resonator as functions of external applied bias for coupling constant λ = 0.1∆. In Figs.4(a)-(c) , the frequency of the resonator is ω 0 = 0.4∆ and in Figs4(d) -(e), ω 0 = 0.9∆. Depending on the ratio of the intensity of electric field in the resonator to the frequency of resonator and the magnitude of applied bias voltage, we observe two regimes of lasing for both cases. For γ = 10 −3 ∆, we obtain small values of the aforementioned ratio and the stimulated emission is solely between the Andreev resonances and lasing occurs above a threshold bias voltage. When we reduce the damping factor of the resonator to γ = 10 −4 ∆, the ratio of the intensity of the electric field in the resonator to the frequency of the resonator becomes large and the Floquet-Andreev side-resonances, with frequencies obeying relation; ω m = ω A + mω, m = 0, ±1, ..., where ω A 's are the frequencies of Andreev resonances, acquire sizable amplitudes in the superconducting gap, and above certain threshold bias voltage, their populations and frequency differences are such that they can participate in the stimulated emission in two different ways; either in a cascaded manner which results in a sudden increase of the average number of photons In the latter case, the increase in the average number of photons in the resonator is accompanied with an increase in the time-averaged current through the QD. Furthermore, the on-set of lasing in the resonator is accompanied by the appearance of oscillating polarization current through the hQD which is depicted in Fig.5 .
In conclusion, we numerically investigated the possibility of lasing in a single mode electromagnetic resonator coupled to a two-level hQD when driven out of equilibrium by applying external bias voltages. It is found that at specific gate voltages and above certain threshold bias voltages the two-level QD connected to a normal metal and a superconducting electrodes has non-zero gain spectrum due to the resonant Andreev reflections and when coupled to an electromagnetic resonator, for damping factors of the resonator below certain thresholds, Andreev-Floquet sideresonances also appear in the sub-gap regions and lasing can happens in two different regimes. In addition, with the on-set of lasing in the resonator, the current through hQD beside its d.c. (time-averaged) component, acquires an oscillating part. Thus, by monitoring the d.c. and a.c. components of the current through the hQD, the on-set of lasing and its regime can, in principle, be identified.
